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$k$ $s$ $N(k, s)$
$s$ $k$
$k$





$([(3/2)^{k}]-1)$ 2 $k$ $(2^{k}-1)$ 1 $k$
$g(k)\geq 2^{k}+[(3/2)^{k}]-2$
[ 1 $G(k)\leq 2^{k}+[(3/2)^{k}]-2$
$s=2^{k}+[(3/2)^{k}]-2$














$f( \alpha)=\sum_{1\leq m\leq P}e(m^{k}\alpha))$
$e(\alpha)=e^{2\pi i\alpha}$ (1)
$n$ $s$ $k$ $R(n)$
$\int_{0}^{1}f(\alpha)^{s}e(-n\alpha)d\alpha=.\sum_{1\leq m_{1\prime}\ldots,m_{\epsilon}\leq P}\int_{0}^{1}e((m_{1}^{k}+\cdots+m_{s}^{k}-n)\alpha)d\alpha$
$=, \sum_{m_{1}^{k}+\cdots+m_{\iota}^{k}=n}11\leq m_{1\cdots\prime}m_{\epsilon}\leq P$
$=R(n)$ (2)




$||k=2$ $s\geq 5$ $s=4$ [ Kloosternran
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$\mathfrak{M}$ “ ” “ ” $\alpha$
(major arc) $\mathrm{m}$
(minor arc) $\alpha$ $\mathfrak{M}$ $f(\alpha)$
$s\geq k+1$ $R(n, \mathfrak{M})$
$R(n, \mathfrak{M})$
$\mathrm{V}^{\mathrm{a}_{\text{ }}}$ Vaughan [9] 2 4
$s\geq k+1$ $q$
$m_{1}^{k}+m_{2}^{k}+\cdots+m_{l}^{k}\equiv n$ $(\mathrm{m}\mathrm{o}\mathrm{d} q)$ (3)
$(m_{1}, q)=1$ $m_{1},$ $\ldots,m_{s}$
$R(n,\mathfrak{M})\gg n^{s/k-1}$
$**\text{ }$ $R(n, \mathfrak{M})\ll n^{\ell/k-1+\epsilon}$
**Vaughan[9], Theorems 43, 4.4, 4.6













\vee ‘ [ $s$










A $\mathrm{m}$ $\alpha$ $|f(\alpha)|$
$\mathrm{B}$ $U(P, t)= \int_{0}^{1}|f(\alpha)|^{2t}d\alpha$
A




$\sigma_{k}$ $1/k$ $\mathrm{t}\mathrm{t}_{\text{ }}$ 1916
Weyl ([9], Lemma 24) $\sigma_{k}=2^{1-k}$
$k=2$















$0\leq t\leq 2$ $t$ $k$
$t=k$
$U(P, k)\ll P^{k+\epsilon}$ (5)




$U(P, t)$ Hua ([9], Lemma 25) Vinogradov
$([9], \mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}5.1)$ $U(P, t)$
$k\leq 5$ Hua
Vaughan [5], [6]
$\dagger\uparrow \mathrm{V}\mathrm{a}\mathrm{u}\mathrm{g}\mathrm{h}\mathrm{a}\mathrm{n}[9]$ Theorems 4.1, 4.2 Theorem 41
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6 $k$
Heath-Brown [3] (Boklan [1] ) $\text{ }$ Ford $[2]_{\text{ }}$ Wooley [12]
$G(k)$ $U(P, t)$












4. Diminishing range methods
$U(P_{)}t)$
$x_{1}^{k}+x_{2}^{k}+\cdots+x_{t}^{k}=y_{1}^{k}+y_{2}^{k}+\cdots+y_{t}^{k}$ (7)
$1\leq xj,$ $yj\leq P$
$\ovalbox{\tt\small REJECT}=P/2$ , $P_{j}= \frac{1}{2}P_{j-1}^{1-\frac{1}{k}}$ $(j\geq 2)$
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$U(P, t)$
$P_{j}<x_{j},$ $y_{j}\leq 2P_{j}$ $(1 \leq j\leq t)$ (8)
















(8) $(P_{1}P_{2}\ldots P_{t})^{2}$ (9)
$V<<(P_{1}P_{2}\ldots P_{t})^{2}\cdot(P_{1}P_{2}\ldots P_{t})^{-1}$








$U(P, t)\ll P^{2t-k+\delta}$ (10)
$\delta$
Hua $t$ $2^{k}$





$\langle$ Vinogradov Vinogradov 1935
$G(k)\leq 6k(\log k+O(\log\log k))$ (11)
$G(k)$ $2^{k}$
$k$ A










Vaughan ( ) Vaughan
$*A_{\wedge}\vee B$ $A\ll B\ll A$
99
Diminishing range method t $p$-adic method (
5. Vaughan’s $p$-adic method
Diminishing range method (7)
$x_{1}$ $y_{1}$
“ ” $p$ padic iterative
method $P^{1/k}<p\leq 2P^{1/k}$ $k$
1 $p$ (7) $x_{1\text{ }}y_{1}$ $p$
$x_{2},$ $\ldots,$
$x_{t}$ , , . . . , $y_{t}$ $p$
$t$
$x_{1}^{k}-y_{1}^{k}= \sum(y_{j}^{k}-x_{j}^{k})\equiv 0$ $(\mathrm{m}\mathrm{o}\mathrm{d} p^{k})$
$j=2$
$p^{k-1}(p-1)$ $k$ 4 ‘} $x_{1}\equiv y_{1}(\mathrm{m}\mathrm{o}\mathrm{d} p^{k})$ $p^{k}>P$
$1\leq x_{1},y_{1}\leq P$ $x_{1}=y_{1}$ }







Diminishing range method $p$-adic method
$p$
Vaughan
(7) $x_{j},$ $y_{j}(2\leq j\leq t)$
(7) $U(P,t)$ H\"older
smooth numbers
Dimin hing range method H\"older
Vaughan
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Vaughan [ [8] $\mathrm{V}$ $\mathrm{a}$
\dagger
1989 Vaughan [7]
$\mathrm{V}\mathrm{a}\mathrm{u}\mathrm{g}\mathrm{h}\mathrm{a}\mathrm{n}_{\text{ }}$ Wooley 10
Wooley
$k$ (9)
[11] Wooley ( )




Waring [ $k$ ( 4 ‘ $G(k)\leq 4k$
$G(3)=4$
Waring























(11) 6 4 50
[ $\mathrm{A}\mathrm{a}$ Di nis $\mathrm{n}\mathrm{g}$ range method 4 $\lfloor$
Thanigasalam 1989 Diminishing range method }
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